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parameter best fit 2σ 3σ

∆m2
21 [10−5eV2] 7.65+0.23

−0.20 7.25–8.11 7.05–8.34

|∆m2
31| [10−3eV2] 2.40+0.12

−0.11 2.18–2.64 2.07–2.75

sin2 θ12 0.304+0.022
−0.016 0.27–0.35 0.25–0.37

sin2 θ23 0.50+0.07
−0.06 0.39–0.63 0.36–0.67

sin2 θ13 0.01+0.016
−0.011 ≤ 0.040 ≤ 0.056

Table 1. Best-fit values with 1σ errors, and 2σ and 3σ intervals (1 d.o.f.) for
the three–flavour neutrino oscillation parameters from global data including solar,
atmospheric, reactor (KamLAND and CHOOZ) and accelerator (K2K and MINOS)
experiments.
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Solar Neutrinos:



4p + 2e− →4 He + 2νe + 26.7MeV

1 νe for every 13.4 MeV (=2.1 ×10−12 J)

L" at earth’s surface 0.13 watts/cm2

φν = 0.13
2.1×10−12 = 6× 1010/cm2/sec

– Typeset by FoilTEX – 1

4p + 2e− →4 He + 2νe + 26.7MeV

1 νe for every 13.4 MeV (=2.1 ×10−12 J)

L" at earth’s surface 0.13 watts/cm2

φν = 0.13
2.1×10−12 = 6× 1010/cm2/sec

– Typeset by FoilTEX – 1

4p + 2e− →4 He + 2νe + 26.7MeV

1 νe for every 13.4 MeV (=2.1 ×10−12 J)

L" at earth’s surface 0.13 watts/cm2

φν = 0.13
2.1×10−12 = 6× 1010/cm2/sec

– Typeset by FoilTEX – 1

4p + 2e− →4 He + 2νe + 26.7MeV

1 νe for every 13.4 MeV (=2.1 ×10−12 J)

L" at earth’s surface 0.13 watts/cm2

φν = 0.13
2.1×10−12 = 6× 1010/cm2/sec

– Typeset by FoilTEX – 1

4p + 2e− →4 He + 2νe + 26.7MeV

E = mc2

1 νe for every 13.4 MeV (=2.1 ×10−12 J)

L" at earth’s surface 0.13 watts/cm2
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Solar Engine:

This corresponds to an average of 2 ν’s per cm3

since they are going at speed c.
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4 DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Figure 1. The predicted solar neutrino energy spectrum. The figure shows the
energy spectrum of solar neutrinos predicted by the BP04 solar model [22].
For continuum sources, the neutrino fluxes are given in number of neutrinos
cm−2 s−1 MeV−1 at the Earth’s surface. For line sources, the units are number
of neutrinos cm−2 s−1. Total theoretical uncertainties taken from column 2 of
table 1 are shown for each source. To avoid complication in the figure, we have
omitted the difficult-to-detect CNO neutrino fluxes (see table 1).

are rare; changes in their production cross-sections affect only the 8B and hep fluxes respectively.
The 15% increase in the calculated 8B neutrino flux, which is primarily due to a more accurate
cross-section for 7Be(p, γ)8B, is the only significant change in the best-estimate fluxes.

The fluxes in column 6 were calculated using a refined equation of state, which includes
relativistic corrections and a more accurate treatment of molecules [27]. The equation of state
improvements between 1996 and 2001, although significant in some regions of parameter space,
change all the solar neutrino fluxes by <1%. Solar neutrino calculations are insensitive to the
present level of uncertainties in the equation of state.

The most important changes in the astronomical data from BP00 result from the new analyses
of the surface chemical composition of the Sun. The input chemical composition affects the
radiative opacity and hence the physical characteristics of the solar model, and to a lesser extent
the nuclear reaction rates. New values for C, N, O, Ne and Ar have been derived [24] using
three-dimensional rather than one-dimensional atmospheric models, including hydrodynamical
effects, and paying particular attention to uncertainties in atomic data and observational spectra.
New estimates of the abundance, together with the previous best estimates for other solar surface
abundances [28], imply a ratio of heavy elements to hydrogen by mass of Z/X = 0.0176, much

New Journal of Physics 6 (2004) 63 (http://www.njp.org/)
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φpp = 5.94(1± 0.01)× 1010cm−2sec−1
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Solar Spectrum:
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Identical Solar Twins:
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flavor eigenstates

mass eigenstates

?????



Kinematical Phase:

νe νµ ντ

ν1 ν2 ν3

δm2
! = 8.0× 10−5eV 2

sin2 θ! = 0.31
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δm2
! = 8.0× 10−5eV 2

sin2 θ! = 0.31

∆! = δm2
!L

4E = 1.27 8×10−5 eV 2 · 1.5×1011 m
0.1−10 MeV

∆! ≈ 107±1
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Effectively Incoherent !!!
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〈Pee〉 = f1 cos2 θ! + f2 sin2 θ! ≈ 0.6
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What about 8B ?

SNO’s CC/NC

CC
NC = f1 cos2 θ! + f2 sin2 θ!

f1 =
(

CC
NC − sin2 θ!

)
/ cos 2θ!

= (0.35− 0.31)/0.4 ≈ 10 ± ???%
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TABLE XIX: Systematic uncertainties (%) on fluxes for the energy-

unconstrained analysis of the salt data set. Note that “const.” de-

notes an energy-independent systematic component and “E dep” an

energy-dependent part.

Source NC uncert. (%) CC uncert. (%) ES uncert. (%)

Energy scale (const.) -3.3, +3.8 -0.9, +1.0 -1.6, +1.9

Energy scale (E dep.) -0.1, +0.1 -0.1, +0.1 -0.1, +0.1

Energy radial bias -2.0, +2.1 -0.6, +0.7 -1.1, +1.2

Energy resolution -0.8, +0.8 -0.2, +0.2 -0.7, +0.7

β14 mean (const.) -3.6, +4.5 -4.0, +3.7 -1.2, +1.3

β14 mean (E dep.) -0.1, +0.2 -0.2, +0.0 -0.0, +0.1

β14 width -0.0, +0.0 -0.2, +0.2 -0.2, +0.2

Radial scale (const.) -3.0, +3.3 -2.6, +2.5 -2.6, +3.0

Radial scale (E dep.) -0.6, +0.5 -0.9, +0.8 -0.7, +0.8

Vertex x -0.0, +0.0 -0.0, +0.0 -0.1, +0.1

Vertex y -0.1, +0.0 -0.0, +0.0 -0.1, +0.1

Vertex z -0.2, +0.2 -0.1, +0.1 -0.0, +0.0

Vertex resolution -0.1, +0.1 -0.1, +0.1 -0.1, +0.1

Angular resolution -0.2, +0.2 -0.4, +0.4 -5.1, +5.1

Internal neutron bkgd. -1.9, +1.6 -0.0, +0.0 -0.0, +0.0

Internal γ bkgd. -0.1, +0.1 -0.1, +0.1 -0.0, +0.0

Internal Cherenkov bkgd. -0.9, +0.0 -0.9, +0.0 -0.0, +0.0

External Cherenkov bkgd. -0.2, +0.0 -0.2, +0.0 -0.0, +0.0

Instrumental bkgd. -0.4, +0.0 -0.3, +0.0 -0.0, +0.0

Neutron capture eff. -2.3, +2.1 -0.0, +0.0 -0.0, +0.0

Total systematic -6.9, +7.6 -5.1, +4.7 -6.2, +6.5

Cross section [45] ±1.1 ±1.2 ±0.5
Total statistical ±4.2 ±3.7 ±9.3

TABLE XX: Systematic uncertainties (%) on fluxes for the energy-

constrained analysis of the salt data set. Note that “const.” denotes an

energy-independent systematic component and “E dep” an energy-

dependent part.

Source NC uncert. (%) CC uncert. (%) ES uncert. (%)

Energy scale (const.) -0.3, +0.7 -3.7, +3.9 -1.8, +1.6

Energy scale (E dep.) -0.9, +1.0 -1.0, +1.0 -0.2, +0.2

Energy radial bias -0.1, +0.1 -2.5, +2.6 -1.0, +0.9

Energy resolution -2.1, +2.1 -1.1, +1.1 -0.6, +0.6

β14 mean (const.) -2.2, +3.0 -2.4, +2.0 -0.5, +2.3

β14 mean (E dep.) -0.2, +0.2 -0.2, +0.2 -0.7, +0.7

β14 width -0.0, +0.0 -0.1, +0.1 -0.8, +0.8

Radial scale (const.) -3.0, +3.3 -2.7, +2.6 -1.9, +2.9

Radial scale (E dep.) -0.2, +0.2 -1.3, +1.2 -0.8, +0.8

Vertex x -0.0, +0.1 -0.0, +0.0 -0.1, +0.1

Vertex y -0.1, +0.0 -0.0, +0.0 -0.2, +0.2

Vertex z -0.1, +0.1 -0.1, +0.0 -0.0, +0.0

Vertex resolution -0.1, +0.1 -0.2, +0.2 -0.7, +0.7

Angular resolution -0.2, +0.2 -0.4, +0.4 -4.9, +4.9

Internal neutron bkgd. -1.9, +1.6 -0.0, +0.0 -0.0, +0.0

Internal γ bkgd. -0.2, +0.1 -0.1, +0.0 -0.0, +0.1

Internal Cherenkov bkgd. -0.9, +0.0 -0.8, +0.0 -0.0, +0.0

External Cherenkov bkgd. -0.2, +0.0 -0.2, +0.0 -0.0, +0.0

Instrumental bkgd. -0.4, +0.0 -0.3, +0.0 -0.0, +0.0

Neutron capture eff. -2.3, +2.1 -0.0, +0.0 -0.0, +0.0

Total systematic -5.4, +5.7 -6.2, +6.0 -5.9, +6.6

Cross section [45] ±1.1 ±1.2 ±0.5
Total Statistical ±3.9 ±3.1 ±9.8

Note that the uncertainties on the ratios are not normally dis-

tributed.

The non-νe active neutrino component (φµτ) of the 8B flux

can be determined by subtracting the φe component, as mea-

sured by the CC flux, from the NC and ES fluxes. Whereas the

NC measurement is equally sensitive to all active neutrinos,

the ES measurement has reduced sensitivity to non-electron

neutrinos in the form φES = φe + 0.1553φµτ. The resulting φµτ
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FIG. 29: Flux of µ + τ neutrinos versus flux of electron neutri-

nos. CC, NC and ES flux measurements are indicated by the filled

bands. The total 8B solar neutrino flux predicted by the Standard So-

lar Model [13] is shown as dashed lines, and that measured with the

NC channel is shown as the solid band parallel to the model predic-

tion. The narrow band parallel to the SNO ES result correponds to

the Super-Kamiokande result in [9]. The intercepts of these bands

with the axes represent the ±1σ uncertainties. The non-zero value

of φµτ provides strong evidence for neutrino flavor transformation.

The point represents φe from the CC flux and φµτ from the NC-CC

difference with 68%, 95%, and 99% C.L. contours included.

fluxes, in units of 106 cm−2 s−1, are

φNC,uncon
µτ = 3.26 ± 0.25 (stat) +0.40

−0.35 (syst)

φES,uncon
µτ = 4.36 ± 1.52 (stat) +0.90

−0.87 (syst).

Figure 29 shows the flux of non-electron flavor active neutri-

nos (φµτ) versus the flux of electron neutrinos (φe). The error

ellipses shown are the 68%, 95% and 99% joint probability

contours for φµτ and φe.

Adding the constraint of an undistorted 8B energy spectrum

to the signal extraction yields, for comparison with earlier re-

sults (in units of 106 cm−2s−1):

φcon
CC = 1.72+0.05

−0.05(stat)+0.11
−0.11(syst)

φcon
ES = 2.34+0.23

−0.23(stat)+0.15
−0.14(syst)

φcon
NC = 4.81+0.19

−0.19(stat)+0.28
−0.27(syst),

with corresponding ratios

φcon
CC

φcon
NC

= 0.358 ± 0.021 (stat) +0.028
−0.029 (syst)

φcon
CC

φcon
ES

= 0.736 ± 0.079 (stat) +0.050
−0.049 (syst),

What about 8B ?

SNO’s CC/NC

CC
NC = 〈Pee〉 = f1 cos2 θ! + f2 sin2 θ!

f1 =
(

CC
NC − sin2 θ!

)
/ cos 2θ!

= (0.35− 0.31)/0.4 ≈ 10 ± ???%
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CC: νe + d→ e− + p + p

NC : νx + d→ νx + p + n

ES: να + e− → να + e−
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What about 8B ?

SNO’s CC/NC

CC
NC = 〈Pee〉 = f1 cos2 θ! + f2 sin2 θ!

f1 =
(

CC
NC − sin2 θ!

)
/ cos 2θ!

= (0.35− 0.31)/0.4 ≈ 10 ± ???%

Wow!!! How did that happen???
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f1 ∼ 10% and f2 ∼ 90% and 〈Pee〉 ≈ sin2 θ = 0.31

Wow!!! How did that happen???
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What about 8B ?

SNO’s CC/NC

CC
NC = 〈Pee〉 = f1 cos2 θ! + f2 sin2 θ!

f1 =
(

CC
NC − sin2 θ!

)
/ cos 2θ!

= (0.35− 0.31)/0.4 ≈ 10 ± ???%
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f1 ∼ 10% and f2 ∼ 90% and

〈Pee〉 = sin2 θ + f1 cos 2θ! ≈ sin2 θ! = 0.31

Wow!!! How did that happen???
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f1 ∼ 10% and f2 ∼ 90% and

〈Pee〉 = sin2 θ + f1 cos 2θ! ≈ sin2 θ! = 0.31

Wow!!! How did that happen???

energy dependence!!!
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Neutrino Flavor Change in Matter

Coherent forward scattering 

from ambient matter can have 

a big effect.

VW = +
√

2GF Ne

VZ = −

√

2

2
GF Nn

(− for νe)

(+ for να)

#e/vol

#n/vol

Coherent Forward
Scattering: 

Wolfenstein ‘78

Mikheyev + Smirnov Resonance  WIN ‘85

MATTER EFFECTS
CHANGE THE NEUTRINO

MASSES AND MIXINGS

νe νµ ντ

ν1 ν2 ν3

δm2
! = 8.0× 10−5eV 2

sin2 θ! = 0.31

∆! = δm2
!L

4E = 1.27 8×10−5 eV 2 · 1.5×1011 m
0.1−10 MeV

∆! ≈ 107±1
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MSW

∼ GF NeEν



Matter Effects:

sin∆31 ⇒
(

∆31
∆31∓aL

)
sin(∆31 ∓ aL)

sin∆21 ⇒
(

∆21
∆21∓aL

)
sin(∆21 ∓ aL)

sin∆32 ⇒ sin∆32

{δm2 sin 2θ} is invariant
and

a = GFNe/
√

2
= (4000 km)−1

Matter effects are IMPORTANT when sin(∆∓ aL) $= (∆∓ aL).

Matter Effects important for NuMI-OFF-Axis ( 800 km), less so for JParc (295 km).
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In Vacuum

δm2
! = 8.0± 0.4× 10−5 eV 2 and sin2 θ! = 0.31± 0.03

Whereas for 8B
at center of Sun

δm2
N = 14× 10−5 eV 2

sin2 θN
! = 0.91
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Mass Eigenstate Purity:

〈f1〉 (%) 〈f2〉 (%)

vac 69 ± 3 31 ∓ 3

pp 67 ± 4 33 ∓ 4
7Be 63 ± 4 37 ∓ 4

8B 9 ∓ 2 91 ± 2
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FIG. 5: (a) The ν2 fraction (%) in the δm2
! versus sin2 θ! plane. As in Fig. 2, the current allowed

region is also shown. (b) The ν2 fraction (%) in the δm2
! versus the Day-time CC/NC ratio of

SNO plane. We have excluded a region in the top left hand corner of this plot which corresponds

to sin2 θ! < 0.1. The current allowed range is indicated by the cross.

For the current allowed values for δm2
! and sin2 θ!, the ratio

δm2
! sin 2θ!

A(8B) − δm2
! cos 2θ!

≈ 3

4
, (16)

where A(8B) is obtained using a typical number density of electrons at 8B neutrino produc-

tion (Yeρ ≈ 90 g.cm−3) and the typical energy of the observed 8B neutrinos (≈ 10 MeV).

For the best fit central values of δm2
! and sin2 θ!, given by Eq.(1), let us define an effective

matter potential for the 8B neutrinos, A
8B
eff , such that the left hand side of Eq.(4) equals

our best fit value for the fraction that is ν2. Thus,

A
8B
eff ≡ δm2

! sin 2θ!

[
cot 2θ! +

2f2 − 1

2
√

f2(1 − f2)

]
(17)

= 1.36 × 10−4 eV2,

10
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• 8Boron: born where νe = ν2 remain ν2’s forever (no oscillations)

• pp and 7Be: full averaged vacuum oscillations ⇒ 2/3 ν1 and 1/3 ν2

• Solar hierarchy determined by matter effect.
(Pee < 1/2 impossible for one hierarchy)

Solar matter effects put more
of the neutrino into ν2.
This raises the survival probability
above vacuum value since ν2 has more νe.
But the minimum of Pee in vacuum is 1/2.

For this hierarchy P matter
ee ≥ P vac

ee ≥ 1/2

But P SNO
ee = 0.347 ± 0.038 < 1/2

This solar hierarchy EXCLUDED !!!.
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Summary:

The low energy pp and 7Be Solar Neutrinos exit the sun as
two thirds ν1 and one third ν2 due to (quasi-) vacuum oscillations.

f1 = 65± 2%, f2 = 35∓ 2% with Pee ≈ 0.56

The high energy 8B Solar Neutrinos exit the sun as
ν2 mass eigenstates due to matter effects.

f2 = 91± 2% and f1 = 9∓ 2% with Pee ≈ 0.35.
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Summary:

The low energy pp and 7Be Solar Neutrinos exit the sun as
two thirds ν1 and one third ν2 due to (quasi-) vacuum oscillations.

f1 = 65± 2%, f2 = 35∓ 2% with Pee ≈ 0.56

The high energy 8B Solar Neutrinos exit the sun as
”PURE” ν2 mass eigenstates due to matter effects.

f2 = 91± 2% and f1 = 9∓ 2% with Pee ≈ 0.35.

δm2
! = 8.0± 0.4× 10−5eV 2

sin2 θ! = 0.310± 0.026

at 68% CL

SNO, KamLAND, SK, Gallex, SAGE, Cl
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Solar Sector: {12}
|Uαj|2

δm2
21 = 8.0 ± 0.4× 10−5 eV 2

KamLAND + SNO, SK, Ga, Cl

sin2 θ12 = 0.31 ± 0.03

SNO + SK, Ga, Cl, KamLAND

SNO’s CC
NC ≈ sin2 θ12

since 8B fraction of ν2’s is 90 % !!!

Mass eigenstate
Fraction
84% ν2’s

Flavor
Fraction
76% νe’s

– Typeset by FoilTEX – 1

Solar Sector: {12}
|Uαj|2

δm2
21 = 8.0 ± 0.4× 10−5 eV 2

KamLAND + SNO, SK, Ga, Cl

sin2 θ12 = 0.31 ± 0.03

SNO + SK, Ga, Cl, KamLAND

SNO’s CC
NC ≈ sin2 θ12

since 8B fraction of ν2’s is 90 % !!!

Mass E-state
Fraction
84% ν2’s

Flavor
Fraction
76% νe’s

– Typeset by FoilTEX – 1

Solar Sector: {12}
|Uαj|2

δm2
21 = 8.0 ± 0.4× 10−5 eV 2

KamLAND + SNO, SK, Ga, Cl

sin2 θ12 = 0.31 ± 0.03

SNO + SK, Ga, Cl, KamLAND

SNO’s CC
NC ≈ sin2 θ12

since 8B fraction of ν2’s is 90 % !!!

Which Neutrinos ?

Mass E-state
Fraction
84% ν2’s

Flavor
Fraction
76% νe’s

– Typeset by FoilTEX – 1

Solar Sector: {12}
|Uαj|2

δm2
21 = 8.0 ± 0.4× 10−5 eV 2

KamLAND + SNO, SK, Ga, Cl

sin2 θ12 = 0.31 ± 0.03

SNO + SK, Ga, Cl, KamLAND

SNO’s CC
NC ≈ sin2 θ12

since 8B fraction of ν2’s is 90 % !!!

SuperK

Which Neutrinos ?
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SuperK

ν? + e→ ν + e

Which Neutrinos ?

Mass E-state
Fraction
84% ν2’s

Flavor
Fraction
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Reactor/Accelerator Sector: {13}
CPT ⇒ invariant δ ↔ −δ
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δm2
sol = +7.6× 10−5 eV 2

|δm2
atm| = 2.4× 10−3 eV 2

|δm2
atm| ≈ 30 ∗ |δm2

sol|
√

δm2
atm = 0.05 eV <

∑
mνi < 0.5 eV = 10−6 ∗me

∑
mνi =

f1 ∼ cos2 θ" ≈ 68%

f2 ∼ sin2 θ" ≈ 32%
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KEY:



• Size of |Ue3|2

• Hierarchy ?

• CPV ?

• Maximal {23} Mixing ?

• .....

• New Interactions and Surprises !!!
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θ13 from Reactor Disappearance

P (ν̄e → ν̄e) ≈ 1− sin2 2θ13 sin2 ∆atm

<10%
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P (ν̄e → ν̄e) = 1− cos4 θ13 sin2 2θ12 sin2 ∆21

− sin2 2θ13(cos2 θ12 sin2 ∆31 + sin2 θ12 sin2 ∆32)

P (ν̄e → ν̄e) ≈ 1− sin2 2θ13 sin2

(
δm2

eeL

4E

)
−O(∆2

21)

δm2
ee = cos2 θ12|δm2

31| + sin2 θ12|δm2
32|
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and related processes:

CP

νµ → νe ⇐⇒ ν̄µ → ν̄e

T $ CPT across diagonals $ T

νe → νµ ⇐⇒ ν̄e → ν̄µ

CP

CPT across diagonals:

• First Row: Superbeams where νe contamination ∼1 %

• Second Row: ν-Factory or β-Beams, no beam contamination

Even in matter, a vestige of CPT exists:
Instead of switch matter to anti-matter, switch neutrino hierarchy !!!
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νµ → νe

sin2 θ13 from LBL:
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Milford Track
Independent Tramping

SOUTHLAND – 2008/2009 SEASON



CP

νµ → νe ⇐⇒ ν̄µ → ν̄e

T $ $ T

νe → νµ ⇐⇒ ν̄e → ν̄µ

CP

CPT across diagonals:

• First Row: Superbeams where νe contamination ∼1 %

• Second Row: ν-Factory or β-Beams, no beam contamination
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νµ → νeuse unitarity to eliminate U∗
µ1Ue1 term:

P (νµ → νe) = | U∗
µ3e

−im2
3L/2EUe3 + U∗

µ2e
−im2

2L/2EUe2 + U∗
µ1e

−im2
1L/2EUe1 |2

P (νµ → νe) = |2U∗
µ3Ue3 sin∆31e

−i∆32 + 2U∗
µ2Ue2 sin∆21|2

Atmospheric δm2 Solar δm2

2U∗
µ3Ue3 = sin θ23 sin 2θ13e−iδ 2U∗

µ2Ue2 ≈ cos θ23 sin 2θ12
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where
√

Patm = sin θ23 sin 2θ13 sin∆31

and
√

Psol = cos θ23 sin 2θ12 sin∆21

where
√

Patm = sin θ23 sin 2θ13
sin(∆31∓aL)
(∆31∓aL) ∆31

and
√

Psol = cos θ23 sin 2θ12
sin(aL)
(aL) ∆21
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νµ → νe

Pµ→e =
∣∣∣

∑
j U∗µj Ueje

−im2
jL/2E

∣∣∣
2

Elimate U∗µ1Ue1

using unitarity of U.
Use ∆ij = δm2

ijL/4E = 1.27δm2
ijL/E

Pµ→e =
∣∣ 2U∗µ3Ue3 sin∆31e−i∆32 + 2U∗µ2Ue2 sin∆21

∣∣2

Square of Atmospheric+Solar amplitude:

U∗µ3Ue3 = s23s13c13e∓iδ for ν and ν̄:

Approx. U∗µ2Ue2 ≈ c23c13s12c12 +O(s13):

Pµ→e ≈
∣∣ 2s23s13c13 sin∆31e−i(∆32±δ) + 2c23c13s12c12 sin∆21

∣∣2

Interference term different for ν and ν̄: CP violation !!!
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νµ → νe

Pµ→e =
∣∣∣

∑
j U∗µj Ueje

−im2
jL/2E

∣∣∣
2

Elimate U∗µ1Ue1

using unitarity of U.
Use ∆ij = δm2

ijL/4E = 1.27δm2
ijL/E

Pµ→e =
∣∣ 2U∗µ3Ue3 sin∆31e−i∆32 + 2U∗µ2Ue2 sin∆21

∣∣2

Square of Atmospheric+Solar amplitude:

U∗µ3Ue3 = s23s13c13e∓iδ for ν and ν̄:

Approx. U∗µ2Ue2 ≈ c23c13s12c12 +O(s13):
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Interference term different for ν and ν̄: CP violation !!!
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Vacu
um LBL:

Pµ→e ≈ |
√

Patme−i(∆32±δ) +
√

Psol |2

0 when ∆31 = π/2

0 in vacuum

a = GF Ne/
√

2 = (4000 km)−1, ∆ij = |δm2
ij|L/4E

and ± = sign(δm2
31)

⇑
⇑

2θ13
θcrit

∼ (aL)θ13

⇓
⇔

∼ ∆31 cot ∆31

– Typeset by FoilTEX – 17

2
√

PatmPsol cos(∆32 ± δ) = 2
√

PatmPsol cos∆32 cos δ (9)

∓2
√

PatmPsol sin ∆32 sin δ (10)

∆ij = δm2
ijL/4E

cos(∆32 ± δ) = cos ∆32 cos δ ∓ sin ∆32 sin δ (11)

CPC only CPV

P = Psol
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ē R
an

d
e R
↔
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Vacuum LBL:

Pµ→e ≈ |
√

Patme−i(∆32±δ) +
√

Psol |2

0 when ∆31 = π/2

0 in vacuum

a = GF Ne/
√

2 = (4000 km)−1, ∆ij = |δm2
ij|L/4E

and ± = sign(δm2
31)

⇑
⇑

2θ13
θcrit

∼ (aL)θ13

⇓
⇔

∼ ∆31 cot ∆31

– Typeset by FoilTEX – 17

2
√

PatmPsol cos(∆32 ± δ) = 2
√

PatmPsol cos∆32 cos δ (9)

∓2
√

PatmPsol sin ∆32 sin δ (10)

∆ij = δm2
ijL/4E

cos(∆32 ± δ) = cos ∆32 cos δ ∓ sin ∆32 sin δ (11)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

P (νµ → νe) = | U∗
µ1e

−im2
1L/2EUe1 + U∗

µ2e
−im2

2L/2EUe2 + U∗
µ3e

−im2
3L/2EUe3 |2

= |2U∗
µ3Ue3 sin ∆31e

−i∆32 + 2U∗
µ2Ue2 sin ∆21|2

= |
√

Patme−i(∆32+δ) +
√

Psol|2

where
√

Patm = sin θ23 sin 2θ13 sin ∆31
and

√
Psol ≈ cos θ23 sin 2θ12 sin ∆21

Pµ→e ≈ Patm + 2
√

PatmPsol cos(∆32 ± δ) + Psol (6)

Pµ→e ≈ Patm + 2
√

PatmPsol cos∆32 cos δ + Psol (7)

∓2
√

PatmPsol sin ∆32 sin δ (8)

P = Psol
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2
√

PatmPsol cos(∆32 ± δ) = 2
√

PatmPsol cos∆32 cos δ (9)

∓2
√
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CPC only CPV

P = Psol
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P (νµ → νe) ≈ |
√

Patme−i(∆32+δ) +
√

Psol|2

In Vacuum:
√

Patm =sin θ23 sin 2θ13 sin∆31

√
Psol =cos θ23 sin 2θ12 sin∆21

∆ = |δm2|L
4h̄cE = 1.27|δm2|L

4E

For L = 1200 km
and sin2 2θ13 = 0.04
phase varies

– Typeset by FoilTEX – 2

P (νµ → νe) ≈ |
√

Patme−i(∆32+δ) +
√

Psol|2

In Vacuum:
√

Patm =sin θ23 sin 2θ13 sin∆31

√
Psol =cos θ23 sin 2θ12 sin∆21

∆ = δm2L
4h̄cE = 1.27δm2L

4E

For L = 1200 km
and sin2 2θ13 = 0.04
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x 3

P (νµ → νe) ≈ |
√

Patme−i(∆32+δ) +
√

Psol|2

√
Patm =sin θ23 sin 2θ13 sin∆31

√
Psol =cos θ23 sin 2θ12 sin∆21

– Typeset by FoilTEX – 2



Pµ→e ≈ Patm + 2
√

PatmPsol cos(∆32 ± δ) + Psol

where

Patm = sin2 θ23 sin2 2θ13 sin2 ∆31

Psol = cos2 θ13 cos2 θ23 sin2 2θ12 sin2 ∆21
∣∣ 2s23s13c13 sin∆31e−i(∆32±δ) + 2c23c13s12c12 sin∆21

∣∣2

Pµ→e ≈
∣∣ 2s23s13c13 sin∆31e−i(∆32±δ) + 2c23c13s12c12 sin∆21

∣∣2

At the first atmospheric
oscillation maximum, ∆32 = π

2 ,
the Neutrino-AntiNeutrino
Asymmetry is maximum when

|aatm| = |asol|

sin2 2θ13 ≈ sin2 2θ12
tan2 θ23

[
π
2

δm2
21

δm2
31

]2

At the second oscillation maximum, ∆32 = 3π
2 , the peak in the
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sin2 2θ13 ≈ sin2 2θ12
tan2 θ23

[
π
2

δm2
21

δm2
31

]2

At the second oscillation maximum, ∆32 = 3π
2 , the peak in the

Asymmetry occurs when sin2 2θ13 is 9 times larger. BNL → ???.
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Pµ→e ≈ Patm + 2
√

PatmPsol cos(∆32 ± δ) + Psol

where Patm = sin2 θ23 sin2 2θ13 sin2 ∆31

and Psol = cos2 θ13 cos2 θ23 sin2 2θ12 sin2 ∆21

At the first atmospheric
oscillation maximum, ∆32 = π

2 ,
the Neutrino-AntiNeutrino
Asymmetry is maximum when

Patm = Psol

sin2 2θ13 =
sin2 2θ12

tan2 θ23

[
π

2
δm2

21

δm2
31

]2

≈ 0.002 !!!

At the second oscillation maximum, ∆32 = 3π
2 , the peak in the

Asymmetry occurs when sin2 2θ13 is 9 times larger. BNL → ???.
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At the second oscillation maximum, ∆32 = 3π

2 , the peak in the
Asymmetry occurs when sin2 2θ13 is 9 times larger. BNL → ???.

sparkE – 17 Nov 2003 12

√
Patm = ±2

√
Psol sin δ

√
Patm = −2

√
Psol cos(∆32 ± δ)

sparkE – 17 Nov 2003 4

Zero Mimicking
Solutions:

where
√

Patm = sin θ23 sin 2θ13 {sin∆31 ⇒ sin(∆31∓aL)
(∆31∓aL) ∆31}

and
√

Psol = cos θ13 cos θ23 sin 2θ12 {sin∆21 ⇒ sin(aL)
(aL) ∆21}

2σ

Eν Window

Hierarchy resolved for sin2 2θ13 > 0.008 for all δ.
√

Patm =
√

Psol

– Typeset by FoilTEX – 7

Asymmetry
Peaks:

Pµ→e ≈ |
√

Patme−i(∆32±δ) +
√

Psol |2

0 when ∆31 = π/2

0 in vacuum

a = GF Ne/
√

2 = (4000 km)−1, ∆ij = |δm2
ij|L/4E

and ± = sign(δm2
31)

⇑
⇑

2θ13
θcrit

∼ (aL)θ13

⇓
⇔

∼ ∆31 cot ∆31

– Typeset by FoilTEX – 17

mcosmo =
∑

mi

Long Baseline νµ→ νe or νe→ νµ

∆32 = π
2

– Typeset by FoilTEX – 2



νe disappearance in Loooong Block of Lead:

1− P (νe → νe) = sin2 2θN
! sin2 ∆N

∆N = δm2
NL

4E

same form as vacuum

BUT from δm2 sin 2θ! invarance sin2 2θN
! =

(
δm2

δm2
N

)2
sin2 2θ!

1− P (νe → νe) = sin2 2θ!
(

δm2

δm2
N

)2
sin2 ∆N = sin2 2θ!

(
sin2 ∆N

∆2
N

)
∆2

enhancement or suppression depending on

sin2 ∆N
∆2

N

<
>

sin2 ∆
∆2

∆ = δm2L
4E

for small L this reduces to

1− P (νe → νe) = sin2 2θ! ∆2

same as vacuum small L.
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2 Flavor in Matter:



Masses and Mixings in MATTER: δm2
N and θN

δm2
N =

√
(δm2 cos 2θ − 2

√
2GF NeEν)2 + (δm2 sin 2θ)2

≈ |δm2 − 2
√

2GF NeEν|

except near resonance: δm2 cos 2θ = 2
√

2GFNeEν

∆N ≈ |∆ − aL| where a = GF Ne/
√

2 ≈ (4000km)−1

1 − P (νe → νe) = sin2 2θ sin2(∆−aL)
(∆−aL)2 ∆2
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Figure 1: Shown are (a) the neutrino mass-squared eigenvalues in matter and (b) the ratio

Jm/Jv, for the parameters listed in eq. (15), as a function of the neutrino energy. Positive

energies correspond to neutrinos, and negative energies correspond to anti-neutrinos (vice

versa for inverted δm2’s).

produces a large value of Jm. A quantitative view of the impossibility of matter to produce

a truly large amplitude results when the explicit expression for Jv in eq. (5) is substituted

into eq. (8). The result is

P !T
m = 2 cos θv

31 sin(δv)

[

[(sin 2θ21δm2
21)(sin 2θ32δm2

32)(sin 2θ31δm2
31)]v

[δm2
21 δm2

32 δm2
31]m

]

sin ∆m
21 sin ∆m

32 sin ∆m
31 .

(17)

As seen from eqs. (10) and (13), at either resonance the bracketed factor in this equation does

not become large. What the resonance manages to do is to cancel the small vacuum value of

sin 2θv
21 or sin 2θv

31 in the amplitude (16Jv) of the T-violating oscillation. But accompanying

even this cancellation is a negative consequence for the associated oscillation lengths, to

which we now turn.

3 Baseline Limitations

A significant enhancement of T-violating oscillation amplitudes requires a small-angle reso-

nance. The conditions for this are either

δm2
21|m ! δm2

21|v or δm2
32|m ! δm2

21|v . (18)

6

ρEν
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ρEν m2
i

a → −a for anti-neutrinos:
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Masses and Mixings in MATTER: δm2
N and θN

δm2
N =

√
(δm2 cos 2θ − 2

√
2GF NeEν)2 + (δm2 sin 2θ)2

≈ |δm2 − 2
√

2GF NeEν|

except near resonance:
δm2 cos 2θ = 2

√
2GFNeEν

∆N ≈ |∆ − aL| where a = GF Ne/
√

2 ≈ (4000km)−1
(

ρ
3 g.cm−3
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1 − P (νe → νe) = sin2 2θ sin2(∆−aL)
(∆−aL)2 ∆2
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2 Flavors:



where
√

Patm = sin θ23 sin 2θ13
sin(∆31∓aL)
(∆31∓aL) ∆31

and
√

Psol = cos θ13 cos θ23 sin 2θ12
sin(aL)
(aL) ∆21

sparkE – 17 Nov 2003 7

Pµ→e ≈ |
√

Patme−i(∆31±δ) +
√

Psol |2

a = GF Ne/
√

2 = (4000 km)−1, ∆ij = |δm2
ij|L/4E and ± =

sign(δm2
31)

⇑
⇑

2θ13
θcrit

∼ (aL)θ13

⇓
⇔

∼ ∆31 cot ∆31
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where
√

Patm = sin θ23 sin 2θ13 sin∆31

and
√

Psol = cos θ23 sin 2θ12 sin∆21

where
√

Patm = sin θ23 sin 2θ13
sin(∆31∓aL)
(∆31∓aL) ∆31

and
√

Psol = cos θ23 sin 2θ12
sin(aL)
(aL) ∆21
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Matter Effects:
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)
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)
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{δm2 sin 2θ} is invariant
and

a = GFNe/
√

2
= (4000 km)−1

Matter effects are IMPORTANT when sin(∆∓ aL) $= (∆∓ aL).

Matter Effects important for NuMI-OFF-Axis ( 800 km), less so for JParc (295 km).
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Figure 1: Shown are (a) the neutrino mass-squared eigenvalues in matter and (b) the ratio

Jm/Jv, for the parameters listed in eq. (15), as a function of the neutrino energy. Positive

energies correspond to neutrinos, and negative energies correspond to anti-neutrinos (vice

versa for inverted δm2’s).

produces a large value of Jm. A quantitative view of the impossibility of matter to produce

a truly large amplitude results when the explicit expression for Jv in eq. (5) is substituted

into eq. (8). The result is

P !T
m = 2 cos θv

31 sin(δv)

[

[(sin 2θ21δm2
21)(sin 2θ32δm2

32)(sin 2θ31δm2
31)]v

[δm2
21 δm2

32 δm2
31]m

]

sin ∆m
21 sin ∆m

32 sin ∆m
31 .

(17)

As seen from eqs. (10) and (13), at either resonance the bracketed factor in this equation does

not become large. What the resonance manages to do is to cancel the small vacuum value of

sin 2θv
21 or sin 2θv

31 in the amplitude (16Jv) of the T-violating oscillation. But accompanying

even this cancellation is a negative consequence for the associated oscillation lengths, to

which we now turn.

3 Baseline Limitations

A significant enhancement of T-violating oscillation amplitudes requires a small-angle reso-

nance. The conditions for this are either

δm2
21|m ! δm2

21|v or δm2
32|m ! δm2

21|v . (18)
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P (νµ → νe) ≈ |
√

Patme−i(∆32+δ) +
√

Psol|2
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P (νµ → νe) ≈ sin2 θ23 sin2 2θ13
sin2(∆31 − aL)
(∆31 − aL)2

∆2
31

+2 sin 2θ13 sin 2θ23 sin 2θ12 cos θ13

∗sin(∆31 − aL)
(∆31 − aL)

∆31
sin(aL)
(aL)

∆21

∗(cos ∆32 cos δ − sin ∆32 sin δ)

+ cos4 θ13 cos2 θ23 sin2 2θ12
sin2(aL)
(aL)2

∆2
21

(∆31 − aL) = ∆31

(
1− aL

∆31

)
= ∆31

(
1− 2

√
2GF NeE
δm2

31

)

∆32 ≈ ∆31 and ∆21 << (aL)

J = sin 2θ13 sin 2θ23 sin 2θ12 cos θ13 sin δ
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In Matter:
√

Patm =sin θ23 sin 2θ13
sin(∆31−aL)
(∆31−aL) ∆31

√
Psol = cos θ23 sin 2θ12

sin(aL)
(aL) ∆21
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± = sign(δm2
31), a = GF Ne/

√
2 ≈ (4000 km)−1

P (ν̄, δm2
31, δ) = P (ν, −δm2

31, δ+π)

dashes ⇔ solid and solid ⇔ dashes

a → −a and δ → −δ

Anti-Nu: Normal Inverted
dashes δ = π/2
solid δ = 3π/2
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Pµ→e ≈ |
√

Patme−i(∆32±δ) +
√

Psol |2

0 when ∆31 = π/2

0 in vacuum

a = GF Ne/
√

2 = (4000 km)−1, ∆ij = |δm2
ij|L/4E

and ± = sign(δm2
31)

⇑
⇑
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θcrit
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√
Psol =cos θ23 sin 2θ12 sin∆21
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For L = 1200 km
and sin2 2θ13 = 0.04
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Off-Axis Beams:
BNL 1994

Proposed Experiments:

Narrow Beams - Counting Expts:

L=295 km and
Energy at Vac. Osc. Max. (vom)

Evom = 0.6 GeV
{

δm2
32

2.5×10−3 eV 2

}

L=700 - 1000 km and
Energy near 2 GeV

Evom = 1.8 GeV
{

δm2
32

2.5×10−3 eV 2

}

×
{

L
820 km

}
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0.75  upgrade to  4 MW

T2K Proposed Experiments:

Narrow Beams - Counting Expts:

L=295 km and
Energy at Vac. Osc. Max. (vom)

Evom = 0.6 GeV
{

δm2
32

2.5×10−3 eV 2

}

L=700 - 1000 km and
Energy near 2 GeV

Evom = 1.8 GeV
{

δm2
32

2.5×10−3 eV 2

}

×
{

L
820 km

}
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0.4  upgrade to  2 MW

Karol Lang, University of Texas,NOvA, XII International Workshop on “Neutrino Telescopes”, Venice, March 6-9, 2007 9

The strategy: off-axis NuMI beam

! Fermilab – Ash River

! 14 mrad off-axis

! 810 km baseline

    

E! !
0.43" m#

1" " 2$ 2

NOvA

π
0 suppression



• Size of |Ue3|2

• Hierarchy ?

• CPV ?

• Maximal {23} Mixing ?

• .....

• New Interactions and Surprises !!!

– Typeset by FoilTEX – 22



What happens to the neutrino oscillation length
in the semi-classical limit, h̄→ 0 ?

• Losc →∞

• Losc → 0

• Other
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